If R is an associative ring, with unity, the ñ-module (the abelian group) M is said to have the direct summand sum property (in short D.S.S.P.) if the sum (that is the submodule (the subgroup) of M generated by the union) of any two direct summands of M is again a direct summand in M. The present work gives descriptions of some classes of abelian groups with this property.
Preliminaries
Let R be an associative ring, with unity. We say that an i?-module M has the (strong) direct summand intersection property, in short (S.D.S.I.P.) D.S.I.P., if the intersection of (any family of) two direct summands of M is again a direct summand in M. The history of the modules with the direct summand intersection property begins with Kaplansky, which in [7] presents the following exercise (ex. 51, p. 49) for solving:
a) Let M be a free module over a principal ideal ring, S a submodule of Μ, and Τ a direct summand of M. Prove that S Π Τ is a direct summand ofS. b) Let M be a free module over a principal ideal ring. Show that the intersection of any finite number of direct summands of M is again a direct summand of M. c) Let M be a free module of countable rank over a principal ideal ring. Show that the intersection of any number of direct summands is a direct summand.
This fact suggested to Fuchs in [4] to ask, in his turn, for the solution of the same exercise for free abelian groups (ex.14.4, p.76), countable free abelian groups or free abelian groups of the power of the continuum (ex. 19.5, p 
.95). Moreover, Fuchs proposes the following open problem (problem 9): "Characterize the groups in which the intersection of two direct summands
In [17] we presented other characterizations of these /¿-modules, results concerning certain classes of /¿-modules (injective or projective) over an associative ring R, with unity, as well as results concerning certain rings with this property.
In this work we will present the structure theorems for three classes of abelian groups with D.S.S.P. that is: the torsion groups, the torsion-free groups and the splitting mixed groups. In this context, throughout this paper by group we mean abelian group in additive notation.
The paper is structured in four sections: in this first section we will present the results obtained in [17] which we need here, as well as a few cases in which D.S.I.P. involves D.S.S.P., and in the sections 2, 3, respectively 4, we will describe the torsion groups, the torsion-free groups, respectively the splitting mixed groups, with D.S.S.P.
( 
where D is divisible and torsion-free and Τ is reduced and torsion.
Proof. 1) Let G be an abelian p-group with D.S.I.P., which satisfies the statement conditions. Then, according to [6, Theorem 2], we have two cases:
There is a η G Ν* such that either G = Z(p n ) or G = Z(p°°). In this case G has in a trivial way D.S.S.P., since it is indecomposable. 2) The statement follows from what has been proved at point 1) and from (1.4).
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3) According to [10,4.4] , a divisible group G has D.S.I.P. if and only if either G = 0 Z(p°°) or G = 0Q, where Pi is a subset of the set Ρ of pePi ro all prime numbers, and ro = T"o(G) is the torsion-free rank of G. In the first case G satisfies the conditions from point 2), and in the second case G is a vector space over Q. In both cases G has D.S.S.P.
Otherwise: We can apply (2.1)2). [4, §85, p. 112] . Therefore, if y is a direct summand in H, for every i E I, according to (1.5)1), Υ Θ X% does not have D.S.S.P. and according to (1.2), G doesn't have this property anymore.
Torsion groups
Before passing to determine the structure of the abelian groups with D.S.S.P. some remarks should be made:
is a subgroup of Β, which is not a direct summand in B, then the group G = Α φ Β does not have D.S.S.P. In particular, if Β is indecomposable, then for any proper subgroup A of B, the group G = A® Β does not have D.S.S.P.
2) Any (abelian) divisible group has D.S.S.P. According to [4, 27.5] , (b) is a direct summand in G; so G = (ò) φ Gì and (α) Ç (ò). Now, we suppose that for any 
Proof. 1) Let
where: η e Ν*, η > 2, and m p and n p are any cardinals.
Prom (1.4) and (2.4) we obtain the structure of a torsion group with D.S.S.P. 
Torsion-free groups
Now we shall pass to torsion-free groups with D.S.S.P. We begin with: 
iii) G = 0G¿, %α where:
-for every i € I, Gi is a reduced indecomposable group, -for every ¿i,¿2 Ε I, ίχφ h, Hom(Gi1,Gi2) = Hom(Gi2,Gi1) = 0.
Proof, a) implies b) Let G be a torsion-free group with D.S.S.P. From (2.1)1) and (4.1) it follows that if ii is a reduced group, then Q Θ Η is not a direct summand in G. So G is either divisible or reduced. If G is either divisible or reduced indecomposable, then this gives the required result. If G = φ Gì, where, for every i € I, G i is a reduced indecomposable group, i€l then (3.1) completes the proof. b) implies a) Let G be a group which satisfies one of the conditions from point b). If G is divisible, then (2.1)2) shows that it has D.S.S.P. If G is 484 D. Välcan a reduced, indecomposable group, then it has, in a trivial way, D.S.S.P. If G is of the form (9), then, for every i € I, Gi has D.S.S.P., and it is fully invariant in G and from (1.3) it follows that G has D.S.S.P. 
where: -for every i € I, G i is a reduced (indecomposable) of rank one group, -for every i\,ii G ii Φ ii, t(G¿j) and t(Gi 2 ) are incomparable types.
Proof. For any Η and Κ reduced, torsion-free, of rank one groups,
Hom(H, K) = Hom(K, H) = 0 if and only if t(H) and t(K)
are incomparable types. So, we can apply (3.3).
Splitting mixed groups
In this section we will study the (abelian) splitting mixed groups with D.S.S.P. We begin with:
LEMMA 4.1. Let A be an abelian group and let G = D ® A, with D-divisible and torsion-free. The following statements are equivalent: a) G has D.S.S.P. b) A is of the form (6).
Proof, a) implies b) We suppose that G has D.S.S.P. Then Q ® A has this property. We consider a maximal independent system {x¿}¿e/ of elements of infinite order and denote by Β = Then any homomorphism of ia groups / : A -> Q induces a homomorphism g : Β -> Q and vice-versa. But, for every i Ε I, (x¿) = Z\ let fi : (x¿) -> Ζ be an isomorphism. Then, for every i E I, there is a homomorphism hi : Ζ Q such that hi fi = gi, where gi : (x¿) -• Q is a homomorphism of groups and Imgi = Imhi. Since Img = Σ Imgu it follows that there is a homomorphism g* : Β -> Q such ia that Img* C Q. Then the homomorphism /* : A -• Q, induced by g*, is
G is reduced (indecomposable), of rank one, G = ®Gi, iei
Abelian groups 485 not epimorphism either, contradiction to (1.5)1). It follows that A does not have elements of infinite order; so Λ is a torsion group. Since A has D.S.S.P., it follows that it is of the form (6). b) implies a) If A is a group of the form (6), then it has D.S.S.P. In this case, since the group G is a direct sum of two fully invariant subgroups (in G) and which have (each) D.S.S.P., (1.3) completes the proof. 
S.P. if and only if Β is elementary. b) If Η is p-divisible, then G has D.S.S.P. for any group Β which is either indecomposable or elementary (so, Β is of the form either (3) or (4)).

Moreover, if η > 2, G has D.S.S.P. exactly if H is p-divisible and Β is indecomposable.
Proof, a) We suppose that Η is not p-divisible and G has D.S.S.P. Then, according to (1.2), Β has D.S.S.P. From (2.4) it follows that either Β = Z(p n ) or Β = (®m p Z(p)), where η £ Ν*, η > 2, and m p is any cardinal. Now from (4.2)a) it follows that Β is elementary.
Conversely, we suppose that Β is an elementary p-group and we consider Τ and S two direct summands of G. Since Β is fully invariant in G, it follows that either T = K®UotT = U, and either S = L®V or S = V, where U and V are direct summands in Β and Κ and L are isomorphic to H. It follows that Τ + S is a direct summand in G and, thus, G has D.S.S.P. b) If H is p-divisible, then G has D.S.S.P. if and only if Β has this property. Now (2.4) completes the proof.
We suppose that η > 2. Then, according to the hypothesis, to (2.4) and to (4. p£P' a reduced, torsion group, decomposed according to [4, , where P' is a set of prime numbers. Then the following statements are equivalent:
1) The group G = Η ® Β has D.S.S.P.
2) The following two statements hold: -P2 and P3 are disjoint subsets of the set P', with the property that P 2 U P 3 = P', -for every ρ G P2, B p is an elementary p-group, -for every ρ G P3, C p is a reduced indecomposable (non-elementary) p-group.
Denote by Κ = Η © ( φ Β ρ ) and by L = φ B p . Any direct decompeP 2 peP 3 position of Κ is of the form Κ = Η' φ ( φ B p ), where H' is isomorphic to peP 2 Η and any direct summand Τ of Κ is of the form Τ = Ε φ F, where E is isomorphic to a direct summand of H and F is a subgroup in φ B p . Since peP 2 for any homomorphism / : Η -» φ B p Im / is a direct summand, it follows P6P2 that the sum of any two direct summands of Κ is again a direct summand in K. On the other side, the summands Κ and L are fully invariant in G and L has D.S.S.P. (according to (2.5) ). Now again (1.3) completes the proof. is a homomorphism with 5(1) = Cn, then
is a homomorphism, which is not epimorphism. So, and Η/(ΗΠΚ) is isomorphic to Z{p°°)n(H+K), see [20] . Since H/{H Π Κ) is p-divisible, it follows that either Z{p°°) f]{H + K) is Z(p°°) or 0. We conclude that G has D.S.S.P.
We consider the group -Pi is a subset of prime numbers and np is any cardinal, -I is any index set and for every i ζ I, Hi is a reduced, indecomposable, torsion-free group.
Since the direct summand D = 0 (0 Z(p°°)) is fully invariant in this pePi np group G, using (3.1) and (4.5) it is straightforward to prove: Ρ roof. 1) implies 2) Let G = E($F be a splitting group with D.S.S.P., where E is divisible and F is reduced. We suppose that E = (0mo Q) © ( φ Ap), pePi where Pi is a subset of prime numbers and for every ρ G Pi, Ap is a divisible p-group. If mo φ 0, then from (4.1) it follows that A is of the form (6) and G is of the form (15). If mo = 0 then (4.4) and (4.6) complete the proof.
2) G is of the form either
2) implies 1) Suppose that G is a group which satisfies one of the conditions i) or ii) from the point 2). Then, according to (4.1), (4.4) and (4.6) it suffices to prove only that the group G -Η Θ A has D.S.S.P. if the sets Pi, Pi and P3 are non-empty. So we consider such a group At the end of this work as a conclusion we must remark the following: 2) See (4.7).
